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ABSTRACT. In this article, we classify the class of hidden Markov
models through the laws of the observation processes, since the
Markov chains are not observable. Here, we also present some
properties regarding this classification.
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1. INTRODUCTION

A hidden Markov model consists of two processes, ie: a Markov chain
and an observed process. The Markov chain in a hidden Markov model
is not observable. So, inference concerning the hidden Markov model
has to be based on the information of the observed process alone. By
this fact, two hidden Markov models wkich have the observed processes
with the same law are theoretically indistinguishable. In this case, its
is said that these two models are equivalent and their representations
are also said to be equivalent.

In this article, we study the properties of this equivalence relation
which give characteristics to the class of hidden Markov models.

In section 2, a hidden Markov is defined and an example is also
given. In section 3, we define the equivalence relation in the class of
hidden markov models and section 4 presents some properties of this
equivalence relation.

2. HIDDEN MARKOV MODELS

Let {X; : t € N} be a finite state Markov chain defined on a prob-
ability space (€, F, P). Suppose that {X;} is not observed directly,
but rather there is an observation process {Y; : ¢ € N} defined on
(Q, F, P). Then consequently, the Markov chain is said to be hidden
in the observations. A pair of stochastic processes {(X;,Y;) : t € N}
is called a hidden Markov model. Precisely, according to [3], a hidden

Markov model is formally defined as follows.
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Definition 2.1. A pair of discrete time stochastic processes { (X, Y;) :
t € N} defined on a probability space (£, F, P) and taking values in
a set S x ), is said to be a hidden Markov model (HMM), if it
satisfies the following conditions.
1. {X;} is a finite state Markov chain.
2. Given {X;}, {Y:} is a sequence of conditionally independent ran-
dom variables.
3. The conditional distribution of Y;, depends on {X;} only through
Xn.
4. The conditional distribution of Y; given X; does not depend on ¢.
Assume that the Markov chain {Xt} 18 not observable. The cardi-
nality K of S, will be called the size of the hidden Markov model.

The following is an example of a hidden Markov model which is
adapted from [1].

Example 2.2. Let {X;} be a Markov chain defined on a probability
space (2, F, P) and taking values on S = {1,... , K}. The observed
process {Y;} is defined by

}/; = C(Xt) + O'(Xt)wt, t € _ZV7 (21)

where ¢ and o are real valued functions and positive real valued func-
tion on S respectively, and {w;} is a sequence of N(0,1) independent,
identically distributed (i.i.d.) random variables.

Since {w, } is a sequence of N(0,1) i.i.d. random variables, then given
{X:}, {Y3} is a sequence of independent random variables. From (2.1),
it is clear that Y} is a function of X; only, then the third condition of
Definition 2.1 holds. Let y € Y and i € S. Let ¢; = ¢(i) and o; = o (i),
then

P(K&SZAXt:i) = P(Ci—FUz‘thy)
P(intfy—Ci)

_ / o 0i(2) dz, (2.2)

where

10

e 2\%i/ | 2.3
oV 2T (2:3)
Thus from (2.2) and (2.3), the conditional density of Y; given X; =i is

¢i(- — ¢;) which does not depend on ¢. Therefore it can be concluded
that {(Xy, Y;)} is a hidden Markov model.

3. REPRESENTATIONS OF A HIDDEN MARKOV MODEL

Let {(X¢,Y;)} be a hidden Markov model defined on the probability
space (2, F, P), taking values on S x ), where § = {1,... , K} and
Y = R. Let A = (a;;) be the transition probability matrix and = =
(m;) be the initial probablhty distribution of the Markov chain {Xt}
Assume for i = 1, , K, the conditional densities of Y; given X; =1
with respect to the measure i, p(-|7), belong to the same family F,
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where F = {f(:|#) : 6§ € O} is a family of densities on a Euclidean
space with respect to the measure pu, indexed by # € ©. This means
that foreach i =1,... | K,

p(:-li) = f (-, 63),
for some 6; € ©.
From the result of [4], it can be seen that the law of the hidden
Markov model {(X},Y;)} is completely specified by :

(a). The size K.
(b). The transition probability matrix A = («;), satisfying

K
;> 0, ay=1,  ij=1... K
j=1
(c). The initial probability distribution = = (m;) satisfying
K
m>0, i=1..,K Y m=L
i=1

(d). The vector = (0;)T,0; € ©,i=1,..., K, which desribes the con-
ditional
densities of Y; given X; =4, 1 =1,... , K.

Definition 3.1. Let ¢ = (K, A,m,0). The parameter ¢ is called a
representation of the hidden Markov model {(X},Y;)}.

Thus, the hidden Markov model {(X;,Y;)} can be represented by a
representation ¢ = (K, A, 7, 6).

On the otherhand, we can also generate a hidden Markov model
{(X},Y;)} from a representation ¢ = (K, A, m, ), by choosing a Markov
chain {X;} which takes values on {1,... , K} and its law is determined
by the K x K-transition probability matrix A and the initial probabil-
ity m, and an observation process {Y;} taking values on ), where the

density functions of Y; given X; =4, ¢ =1,..., K are determined by
6.

4. EQUIVALENT REPRESENTATIONS

Let ¢ = (K, A, 7,0) and gg = ([?,ﬁ’ T, 5) be two representations
which respectively generate hidden Markov models {(X;,Y;)} and
{(X,,Y;)}. The {(X,,Y,)} takes valueson {1, ... , K}xY and {(X,, ;)}
takes values on {1, ... ,IA(} x Y. For any n € N, let py(-,--- ,-) and
pq;(-, -+, ) be the n-dimensional joint density function of Y3, ... Y, with

respect to ¢ and $ Suppose that for every n € N,
po(Yis-oo Vo) =p3(Yi,. .. Vi),

Then {Y;} has the same law under ¢ and g/g Since in hidden Markov
models {(X¢,Y;)} and {(X¢,Y;)}, the Markov chains {X;} and {X,}
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are not observable and we only observed the values of {Y;}, then the-
oretically, the hidden Markov models {(X;,Y;)} and {(X;,Y;)} are in-
distinguishable. In this case, it is said that {(X;,Y;)} and {()?t, Y:)} are
equivalent. The representations ¢ and ngﬁ are also said to be equivalent,

and will be denoted as ¢ ~ ¢.
For each K € N, define

O = {¢ : ¢ = (K,A,m 0), where A, m and 0 satisfy :

K
A:(Oéij), Oél'jzo, ZO&UZL Z,jzl,,K
j=1

K
r=(m), m=>0, i=1,... K, Zmzl
i=1

0= 6", 6 ¢co, z':l,...,K} (4.1)
and

o= | ¢« (4.2)

The relation ~ is now defined on ® as follows.

Definition 4.1. Let ¢, qg € ®. Representations ¢ and g/b\ are said to be
equivalent, denoted as

6~ 0
if and only if for every n € IN,
p(b(Ythan"' 7Yn) :pg)(le’YVQ’ 7Yn)

Remarks 4.2. Tt is clear that relation ~ forms an equivalence relation
on O.

Let ¢ = (K, A,m,0) € ®k, then under ¢, Y7,...,Y,, for any n, has
joint density

p(i)(yla e 7yn) - Z : Z 7T$1f(y17911) : Hamt—hrtf(ytaemt)‘ (43)

r1=1 rn=1

Let o be any permutation of {1,2,..., K'}. Define
o(A) = (A@)e0)

0'(9) = (90(,')>T.
Let
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then o(¢) € ®f and easy to see from (4.3) that
Po(Y1s - Yn) = Pa) (Y1, - -, Yn)-
implying ¢ ~ o(¢). So we have the following lemma.
Lemma 4.3. Let ¢ € Oy, then for every permutation o of {1,2,... K},
o(¢) ~ o.

Lemma 4.4. Let ¢ = (K, A,m,0) € P. If 0, =~,i=1,... K, for
some vy € O, then

¢~ B(7),
where ¢(v) = (1,(1), (1), (7)) € ®1.
Proof :
For any n € N,
K
p¢<y1a"- 7yn) = Z Z 7T:c1 yl Y Ha:tt 1:(:,5 yt7 )
r1= rn=1
= H Z/t,
=1
P¢(v)(y17.-- +Yn)s
where 6(7) = (1, (1), (1), (7)) € ®;. Hence ¢ ~ 6(7). n

Lemma 4.5. Let ¢ = (K, A, m,0) € ®x, where 7 is a stationary prob-
ability dzstmbutwn of A. Let N be the number of non-zero w;. Then

there is ¢ = (N, A, 7,0) € Oy, such that :

1. 7 >0, fori=1,... ,N.

2. T is a stationary probability distribution of A.

3. ¢~ .
Proof :
Let ¢ = (K, A, m,0) € ®k, where 7 is a stationary probability distri-
bution of A. Let N be the number of non-zero m;. Without lost of
generality, suppose that

m; =0, fori=N+1,..., K.

Since
TA=m,
then
a;; =0, fori=1,... ,N; j=N+1,... K.
Set

ij = Oy, Zaj::la"'7N
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Let

and K-row vector

Then it is clear that

and
TA=7
Let
fly,01) 0 0
Bly) = 0 f(y: 02) 0 ey
0 0 f<y7'9N>
and

—~

M(y) = AB(y).

-~

Take g/b\: (N, A\, 7, 0), then QZE ®y and

Po(Yrs-- s yn) = TM(y1)M(ya) - - M(yn)e
= %M(Z/l)M(yZ) T ]\/[(yn)a
- pa;(yla 7yn)7
implying ¢ ~ g/g [

Next lemma gives sufficient conditions for representations to be equiv-
alent. The idea of this lemma comes from [2]

Lemma 4.6. Let ¢ = (K, A,7,0) € ®x and gg: (f{,ﬁ,%ﬁ) € ¢p.
If there are K x K-matrix X and K x K-matrix'Y, such that

A = YAX (4.4)
XB(y) = By)X, Wyey (4.5)
T = X
e = Ye
XY I,

then ¢ ~ g/g
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Proof :
From (4.4) and (4.5), for every y € Y,

M(y) = AB(y)
= YAXB(y)
= YAB(y)X

For any n € N,

pa(yr - yn) = FB(y1)M(ye) - M(ya)e
= 7XBy)YM(y2)X - YM(y,)XYe
= 7B(y1) XY M(ys)X --- Y M(y,) XYe
= 7By ) xkM(y2) - - - Ix M (yn)Ixe
= 7B(y1)M(y2) - -- M(yn)e
= Po(Y1,--- s Yn)-
Hence ¢ ~ g/g [
Lemma 4.7. Let ¢ = (K, A,7,0) € ok and (E = (IA(,A\,%, 5) efbfo

where ™ and T are stationary probability distributions of A and A re-

spectively. If there are K x K-matriz X and K x K-matriz Y, such
that

M(y) = YM(y)X, Vye)y (4.6)
T = 71X
e = Ye
XY = I,
then ¢ ~ gg
Remarks 4.8. Equation (4.6) implies A = Y AX.
Proof :

For any n € N,

oy, syn) = FM(y)M(ys) - M(y,)e
= 7 XYM(y))XYM(y2)X --- Y M(y,)XYe
= TIgM(y) IxM(y2)Ixc - - Ix M (yn)Ice
= wM(y)M(y2) - - - M(yn)e
= Py, Yn)-
Thus ¢ ~ g/b\ [
Based on Lemma 4.6 and Lemma 4.7, we derive the following lem-
mas.

Lemma 4.9. For any K € N and ¢ € O, there is g/b\ € Opyq, such
that ¢ ~ ¢.
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Proof :
Let ¢ = (K,A,m,0) € ®g. Define a K x (K + 1)-matrix X and a
(K + 1) x K-matrix Y respectively as follow

Ix1 Ogk_i12 Ie Ok-1a
X pr— - o Y — 1 47
( Ork-1 a b ) ’ Og k1 1 (4.7)

where a and b are any real numbers, such that a,b > 0 and a +0 = 1.
Notice that

XY = Ik
and

e=Ye.

Let A = (@i;j) be a (K + 1) x (K + 1)-matrix defined by

A = YAX
Q1.1 ce a1 K1 a- QK b- a1 K
= ag-—11 *° Og-_1K-1 A°0OK_1K b- OK—1.K (4'8)
K1 s O K1 a- 0K K b- OK K
K1 s O K—1 a- 0K K b- K K
It is clear that
al]>0, Z,jzl, ,K—i—l
K+1
Z@ij—l, Z:L ,K—l—l
j=1
Let 7 = (7;) be a (K + 1)-row vector which is defined by
T = X
= (7T1,...,7TK_1,G,'7TK,b'7TK), (49)

then it is obvious that

>0, i=1,..., K+1

Let 6 = (é\z) be a K + 1-column vector which is defined by

~

6 = Y0
(01,...,0k_1,0k,0)" (4.10)
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and for y € Y, B(y) be a (K +1) x (K + 1)-diagonal matrix defined by

fly,60) 0 .- 0 0
B(y) = : : : : L (411)
0 0 o f(y,0k) 0
0 0 0 [y, 0k)

Notice that
XB(y)=By)X, Vyel.

Let ¢ = (K +1, AT, 5) then ¢ € ®x .1 and by Lemma 4.6, ¢ ~ ~¢. M

From the proof of Lemma 4.9, for ¢ € @, there are infinitely many
<;5 € ®x .y depending on how a and b were chosen, such that ¢ ~ ¢ So
we have the following corollary.

Corollary 1. For ¢ € ®k, there are infinitely many 5 € Py such
that ¢ € ¢.

Lemma 4.10. For any K € N and ¢ = (K, A, m,0) € $g, where w
is a stationary probability distribution of A, then there is ¢ = (K +

1, A\,%, 5) € Oy such that :
1. 7 is a stationary distribution of A.
2. ¢~ o.

Proof :
Let ¢ = (K, A, m,0) € &y, where 7 is a stationary probability distribu-

tion of A. Let ¢ = (K +1, Az 9) € @44 as in the proof of Lemma

4.9, hence ¢ ~ QAS Since 7 is a stationary probability distribution of A,
then

TA = A,
implying

TA = 7wXYAX
= 7wlgAX
= mAX
= 71X
= T.

So 7 is a stationary probability distribution of A. |

Remarks 4.11. In Lemma 4.10, if m; > 0, for ¢ = 1,... | K, then by
choosing a,b > 0 in matrix X, we have m; >0, for i =1,... , K + 1.
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Let ¢ = (K, A, 7, 0) € ®k, then by Lemma 3.4 of [4], the conditional
density function of Yy,... Y, given X; =1¢,i=1,..., K, under ¢ is,
Ps(Yi, .. Yol X1 =14) = ¢ BY1)M(Ys) --- M(Y,)e.
Define,

4o(Y1,...,Y,) = Iln%:;{p(b(Yl,... Yo X, =)

Lemma 4.12. For any K € N and ¢ € O, there is gg € Py iy, such
that :

1. ¢~ o.
2. q,(Y1,... ,Yn)zq(g(Yi,--- Yo, for every mn € N.
Proof : R L
Let ¢ = (K, A,m,0) € Og. Let o = (K +1,A,7,0) € Pgyq as in the
proof of Lemma 4.9, then ¢ ~ ¢. Notice that from definition of X in
(4.7),
el =el'X,  for i=1,..., K-l (4.12)
Therefore by (4.12) and Lemma 3.4 of [4], fori =1,... K — 1,
p;(Vi,... YalXy =i) = e B(YV)M(Ya)- - M(Y,)e
= ! XBY)YMY2)X - YM(Y,)XYe
= e/ BY)XYMYy)X---YM(Y,)XYe
= e B(Y)IxkM(Yo)Ig - IxgM(Y,)Ixe
= ¢ BY1)M(Yz) - M(Y,)e
= po(V1,..., Y| X1 =) (4.13)

Since by (4.8), the K-th and K + 1-th rows of A are the same and
Ok = Ok+1, then by Lemma 3.4 of [4],

p3(Vi,... Yol X1 = K)

K+1  K+1 n
= f(nyeK Z Zangf }/27 T2 H _1,Tt }/ta xt)
zo=1 Tp=1 t=3
R K+1  K+1 n
- f(}/laeK—‘rl Z Z aK-i—l chf }/27 x2 H Tt—1,Tt }/b Z‘t)
zo=1 xp=1 t=3
= pq;(Yl,... Yol Xg =K+ 1). (4.14)
Also notice that for a,b > 0 and a +b =1,
aer +be_, = erX, (4.15)

then by (4.15) and Lemma 3.4 of [4],
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= @@L B(W)M(Yy) -+ M(Y,)e + bek B(Y1)M(Y) - - M(Y,)e

= (a€k + be)B(Y1) M (V) - -- M(Y,)e
= EXBMWM)YM((Y2)X - YM(Y,)XYe
= e BY)XYMY5)X - YM(Y,)XYe
= el BY)IxkM(Yo)lg - I M(Y,)Igce
= e BMY)M(Yz) - M(Yy)e

= po(Y1,..., Y, X; = K). (4.16)

Since a,b > 0 and a + b = 1, then from (4.14) and (4.16),

py(Yi,.. YalX =i) =ps(Vi,... Yol X1 =K), fori=KK+]L

(4.17)
From (4.13) and (4.17),
@(Yr,....Y,) = 1212}}({]9(;5(}/1, Y| X =)
= max pp(Yio. VX =)
= qz(Y1,...,Yn)
|

By Lemma 4.9, we can define an order < in {®g}.

Definition 4.13. Define an order < on {®x} by
O <@, K, LeN,

if and only if for every ¢ € @, there is qg € &, such that ¢ ~ g/g

As a consequence of Lemma 4.9, Lemma 4.14 follows.

Lemma 4.14. For every K € N,

(pK ‘< q)K_;’_l.

From Lemma 4.14, the families of hidden Markov models represented
by {®x} are nested families as shown in Figure 1.
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Figure 1.
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