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ABSTRACT. By using asymptotic methods, evolution equation is
derived for the internal waves in density stratified fluid. This evo-
lution equation arise as a solvability condition. A higher-order
extension of the familiar Korteweg-de Vries equation is produced
for internal waves in a density stratified flow with a free surface.
All coefficients of this extended Korteweg-de Vries equation are
expressed via integrals of the modal function for the linear theory
of long internal waves.
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1. INTRODUCTION

The Korteweg-de Vries (KdV) equation is a well-known model for the
description of nonlinear long internal waves in a fluid stratified by den-
sity. The steady-state version of this equation was produced by Long
(1953), while Benney (1966) gave the integral expressions for calcula-
tion of the coefficients of the Korteweg-de Vries equation for waves in a
fluid with arbitrary stratification in the density and current. The next
step was due to Lee and Beardsley (1974) who indicated the asymptotic
procedure needed to produce higher-order Korteweg-de Vries equations
based on two small parameters representing dispersion and nonlinear-
ity. More detailed information was obtained for interfacial waves in
a two-layer fluid, and in particular, Kakutani and Yamasaki (1978)
found the coefficient of the cubic nonlinear term in an implicit form,
and showed its importance for the certain conditions (i.e. the pycno-
cline lies in the middle of the fluid), in which case the quadratic and
cubic nonlinear terms are of the same order. Due to the negative sign
of the coefficient of the cubic nonlinear term, this situation leads to an
upper limit for the solitary wave amplitude. Then all nonlinear disper-
sive coefficients for all second order terms were found for a two-layer

fluid (Koop and Butler, 1981), and the extended Korteweg-de Vries
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equation was compared with results of laboratory experiments of inter-
nal solitary waves. The goal of this paper is to obtain a higher-order
Korteweg-de Vries equation for the internal waves in arbitrary density
and current stratified fluid without using the Boussinesq approxima-
tion, and also taking into account the free surface.

2. (GOVERNING EQUATIONS

We consider two-dimensional motions of an ideal incompressible fluid
which is bounded above by a free surface and below by a rigid boundary
h. The governing equations of such fluid are shown below:

pr+upy +wp, = 0

U, +w, = 0
p(up + uuy + wu,) +p, = 0 (2.1)

p(wy + uw, +ww,) +p. +pg = 0,
where x, z are the horizontal and vertical coordinates, respectively, u,
w are the horizontal and vertical velocities, respectively, p denotes the

pressure, g is the gravitational acceleration, and p is the density. The
boundary conditions are

w = 0 at z=—h
p =0 at z =n(x,t) (2.2)
n+un, = w at z =n(x,t).

Here, the fluid has undisturbed constant depth A, and 7 is the displace-
ment of the free surface from its undisturbed position z = 0.

First we introduce ((z,z,t) as the vertical displacement of a fluid
particle from its undisturbed position, such that w = %, where % =
0y + u0, + wa, is the convective time derivative. We suppose that the
density of the fluid in the rest state is given by p,(z). Then the density
of the fluid in the disturbed state is p(z, z,t) = po,(z — ((x, z,t)). So
that the first equation of (2.1) is now satisfied. Also, it is convenient

to express the pressure in the form,

p(z, z,t) = —/ gpo(2)dz" + q(z, 2z, 1).
0

The isopycnal surfaces (i.e. p(z,z,t)= constant) are then given by
z2=74((x,2,1). (2.3)

where Z is the level as © — 4o00. In particular, we let ((x,z,t) =
&(x, Z,t). In terms of £, the kinematic boundary condition (the third
equation of (2.2)) becomes simply £ = n at z = n(x,t). Next, we de-
termine how the equations transform, when we change the (x,z,t) coor-
dinate to (x,Z,t). We have relations u(z, z,t) = U(z, Z,t), w(z, z,t) =
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W(z, Z,t), and q(z, z,t) = Q(z, Z, ).

Then we can rewrite equations (2.1) as below:

Uy + Wy — | +1§Z(UZ€’” +Wg&z) = 0
P2+ VU + Q. — Qs = 0(24)
po(Z) Wi+ UWa) + 1= Q7+ 9(po(2) = po(Z +6)) = 0,
and the boundary conditions (2.2) becomes
E =0 at Z =—h

/f gpo(2)dz = Q(x,Z,t) at Z =0.
0
Also, the vertical velocity becomes
W =¢& +UE,. (2.5)
Using (2.5), we can express (2.4) in term of U(x, Z,t), and {(z, Z,t) as
below:
(1+E)Up + (0 +U0)E, = 0
(po(Us + UUL)) 5 + & (po(0r + UD,)%E) , — (2.6)
(14£2) (po(00 + U@m)QS)x +9poz&a = 0.
The boundary conditions for these two equations are
E =0 at Z = —h
96, = —(U,+UU,) - & (8, +Ud,)°¢  atZ=0. (2.7

Thus, the governing equations are equations (2.6) with boundary con-
ditions at the surface and bottom (2.7). We will use these to obtain
higher order Korteweg - de Vries equation for internal waves.

3. ASYMPTOTIC EXPANSION

We suppose that the waves are long but finite, and their amplitude
is small. We introduce the small parameter € to describe long waves,
and hence define the slow variables X = ex, T' = et. Then we let the
nonlinear parameter be a, and anticipate the KdV scaling o = €2. We
introduce the scaled variables

0=X—-cT, T=aT (3.1)

where ¢ is the speed of a linear long wave (yet to be determined). Then
on substituting (3.1) into (2.6), we find that

(CPOU(?)Z_gptoG = B
Up— oz = F3, (3.2)
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where
Fi = —(po(aU; +UUp))z 4 € (1 + &2)(poFs)o — €€0(poFs3) 2
F, = —aéz. —(U&z)o

F = ((U-¢)dp+ad,)’¢,
and boundary conditions (2.7) become
§ = 0, at  Z=—h
gg —cUy = —(aU, + UUy + €2£4F3), at Z=0. (3.3)
Here the left-hand side of these equations, when equated to zero, de-
scribe the linear long wave theory, and thus form the basis of our

asymptotic expansion. Equations (3.2) can be reduced to one equa-
tion containing & only

(Czpofez)z + poN?& = G, (3.4)
where G = —(cpoF3), — I, dan N*(Z) = —%2 The boundary
conditions (3.3) become

& = 0, at Z =—h
9o = oz +cF+ Fy, at  Z=0, (3.5)

where Fy = —(aU, + UUy + €2&4F3).

We assume that our internal wave field (i.e. the vertical displace-
ment and the horizontal component of velocity) has the asymptotic
expansion

£ = aA(0.7)p(Z) + &+

U = UJ(Z)+aU, +a*Uy+ -, (3.6)
After substitution of (3.6) into equation (3.4) and the boundary con-
ditions (3.5), and collecting terms of the same order in «, we obtain at

the lowest order the equation determining the function ¢(Z), and the
speed c,

(po(Us — €)?02) , + poN?*¢ = 0 —h<Z<0
o = 0 at Z =—h (3.7)
(U — )Pz —gp = 0 at Z=0.

Note that since the differential equation for ¢(Z) is homogenous, we
are free to impose a normalization condition on ¢(Z). A commonly
used condition is that ¢(Z,,) = 1, where | ¢(Z) | achieves a maximum
value at Z = Z,,. In this case the amplitude oA is uniquely defined
as the amplitude of £ (to O(«)) at the depth Z,,. Then, at the next
order, we obtain the equation for &,

(Po(Uo - 0)25292)2 +poN?6g = F —h<Z<0
§a0 = at  Z=-h (3.8)
(Up— )07 —gésp = M at  Z=0,

)
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Here the inhomogeneous terms F', M are known in terms of A(6, 1)
and ¢(z), and are given by

F = =2(po(Us — ¢)02) s Ar + 3 (po(Us — ¢)*d7) , Ady
—po(Us — €)* ¢ Apgo, (3.9)
M = —2(U,—c)pzA, +3(U, — c)*¢p5AA,.

Note that the left-hand side of the equation (3.8) is identical to the
equations defining the function ¢ (i.e. (3.7)), and hence can be solved
only if a certain solvability condition is satisfied. The solvability condi-
tion, that is, the condition for solvability of the inhomogeneous problem

(3.8) is
0
/_h FédZ = po(Us — ¢)*(ba0dz — E2020) 1522, - (3.10)

Substituting the expression (3.9) into (3.10) we obtain the required
evolution equation for A,

A+ nAAy + 0 Agge = 0. (3.11)
Here, the coefficients p and ¢ are given by
3% po(Us — 0)2¢%dZ . 1% po(U, — ¢)?¢%dZ
20 pole—UNLAZ T 2 [0 po(c — Uy)¢ZdZ

Equation (3.11) is the well-known Korteweg-de Vries equation for in-
ternal waves.

(3.12)

4. HIGHER ORDER KORTEWEG-DE VRIES EQUATION
Substituting A, in (3.11) into (3.9) we obtain

F = (20(po(Uy— €)02) 5 = po(Us — ¢)*¢) Aggo +
(3 (pO(Uo - C)QQSQZ) +2u (pO(Uo - C)¢Z) ) AAy
M = 26(U, — c)pzApo + (QM( — )z +3(U, — ¢) ¢Z) AAp.
The solution of equation (3.8) in homogeneous term is Ay, while
T(Z)Apy+T(Z)A? is a inhomogeneous solution of (3.8). So the general
solution of the boundary value problem (3.8) is
&2 = Ay(0.7)0(Z) + T(Z) Agy + T(2)A* (4.1)

where T'(Z) is the first nonlinear correction to the modal structure of
internal wave; it is solution of

(o — (U, C>2TZ)Z + /)ONQT =26 (po(Up = €)2) 5 — po(Us — C)2¢7
—h<Z<0
T =0 at Z = —h, (4.2)
g = (U,—c)?*T; —20(U,—c)p; at  Z=0
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while T'(Z) is the first dispersion correction to the modal structure of
internal wave; it is solution of

(0olUs = ©T7) +paN*T =20 (po(U, = €)62)

3
+§ (po(Uo - C)2¢2Z)Zy —h<Z<0
=0 at Z = —h,(4.3)
= (Uy—¢)* Ty — (U, — ¢)¢z

3
—§(UO —c)?¢?, at Z=0.

s P

It is important to note that solutions of the boundary-value problems
(4.2) and (4.3) are unique only up to additive multiples of ¢. This
problem was discussed in Lamb and Yan (1996), and Holloway and
Pelinovsky (2001). It is convenient to let Ay(6, 7) represent the isopyc-
nal displacement at the level Z = Z,,, where there is a maximum in the
linear mode ¢(Z). Hence we choose the auxiliary conditions 7'(Z,,) = 0

and T(Z,,) = 0. In this case the series (3.6), using (4.1), at the point
4 =24, 18

CK(A + CKAQ).

After substitution of (3.6) into equation (3.4) and the boundary con-
ditions (3.5), and collecting terms of the same order in «, we obtain

Ul = _(Uo - C)‘bZA
Uy = —(Us, =)oz A5+ (607 — (U, — )Tz+) Ago + (Us— €)o7,

1 A
+§ Uo7z — (Uo — C)TZ> A2,

Then, at the next order (O(a?)), we obtain the equation for &,

(Po(Us — )*Es0z) , + poN*Es9 = F —h<Z<0,
& = 0at Z = —h, (4.4)

~

(Us — 0)*&s0z — 930 = M at 7 =0.
Here the inhomogeneous terms F, M are given by

F = byAy, + bo(AAy)g + bsAsggg + by Aggass + bs A% Ay
—f-bﬁAAggg + b7AgA99 (45)
M = a1Ay 4 az(AAs)g + asAggegs + asA2Ag + a5 AAggs + agAgAgy.
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The coefficients a; and b; are given by

ay
a2
as
Q4
as
Ge
by
by
bs

—2(U, — )¢z
3(U, — C) ¢Z
26(U — )Tz — 8¢z
(U, — )Ty = 6(U, — 0)*6% + (U, — )’ 17 — 5u(U, — )¢ — i*dz
2u(U, — )Ty + 46(U, — c)TZ +3(U, — ¢)*¢pzT7 — 46(U, — ¢)¢% — 2uddz
6u(Us — )Tz + 3(U, — C) ¢zT7 —26(U, — C)ﬁbz (Us — C) ¢ — 31z
<p0a1>
(Po2) z
(Po(Us = ¢)*¢
(Poaiz)z — 20po(Us — €)@ + po(Us — C)ZT
(Poata) z
(Po5) 2 = 201po(Us = €)6 = po(Us — ) 067 + 2po(Uy — ¢)°T
)

(poaﬁ Z 6,U/po<Uo - C)(b - 3po< o ) ¢¢Z + 6po(Uo )2T

The condition for solvability of the inhomogeneous problem (4.4) is

0
/_h pﬁbdZ = po( 0 ) (fg@zgﬁ §3G¢Z> Z_—h (46)

Substituting the expression (4.5) into (4.6), we obtain the required
evolution equation of A,

Agr + p(AA2)g + 0 Asgen = B1Agesss + BaA>Ag + B3 AAges + BiAg Age.

(4.7)

Here, the coefficients p and 0 are given by (3.12), while 3;, 32, (3, and
(4 are given by

G

2

fs

Ba

1

0
1 [ pe (U= POT 4 8% 4 28U, - (& - 0T2)) a2
—h

0
% / Po (3(Uo — ¢)%¢%(20% — 3T7) + p20% + u(U, — ¢) (563 — 4TZ)¢Z) dZ
—h

1 [ poeubdl + 2t — A6+ (U = 05 — (U = 26T+ 363Ty)
—2(U, — ¢)(uTz + 25Tz)¢z +46(U, — ¢)¢3)dZ

0 A
%/h po((Uo - C)(25¢% + 6M¢2) + 3M5¢QZ + 2(Uo _ 0)2(¢2¢Z . 3Q5T)
—6u(U, — )Ty — 3(U, — ¢)?¢%T,)dZ

0
=2 [ po(U, — ¢c)¢3dZ.

—h
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The isopycnal displacement at the level Z = Z,, in third order O(a?)
1s

£ = aA(0,7)+a?Ay0,7) + O(c?)
= aB(0,7)+ 0(c?)

where B = A+aA,. Then, one again using (4.7), and the KdV equation
(4.32), and neglecting terms of O(a?), we obtain the higher-order KdV
equation,

B, 4+ uBBy+ 0Bgg +
o (51 Boesoo + B2B*>By + 33BBogy + 1By Byg) = 0. (4.8)

However, we must now point out that this higher order Korteweg-de
Vries equation (4.8) is an asymptotic result valid when « is sufficiently
small, and is must likely to be useful when the coefficient u of the qua-
dratic nonlinear term is small. Nevertheless, because observed internal
waves are often quite large, it may be useful to use (4.8) as the model
equation even when p is not small.

5. CONCLUSION

We have presented an evolution equation, the extended Korteweg-de
Vries equation, to describe internal waves in an arbitrary density and
current stratified flow, without using the Boussinesq approximation and
with a free surface, valid to the second order of perturbation theory.
All the coefficients of this equation are given explicitly as integrals of
the modal function and its nonlinear and dispersion correction. It is
important to note that our derivation is completely general.
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