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Abstract

We consider the problem of estimating the local intensity of a cyclic Pois-
son point process, when we know the period. We suppose that only a single
realization of the cyclic Poisson point process is observed within a bounded
'window’, and our aim is to estimate consistently the local intensity at a given
point. A nearest neighbor estimator of the local intensity is proposed, and
we show that our estimator is weakly and strongly consistent, as the window
expands.
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1 Introduction

We consider a cyclic Poisson point process X in R with absolutely continuous o-finite
mean measure p w.r.t. Lebesgue measure v, and with (unknown) locally integrable
intensity function A : R = R* U {0}. In addition, A is assumed to be cyclic with
period T € RY, i.e.

Als + k1) = A(s) (1.1)

for all s € R* and k € Z.

Let (Q, A, P) be a probability space, and let us suppose that, for some w € (),
a single realization X(w) of the cyclic Poisson point process X is observed, though
only within a bounded interval, called 'window’, W C R. The aim of this paper is to
estimate consistently the intensity function A at a given point s using an estimator
based on nearest neighbor distances, from a single realization X(w) of the Poisson
process X observed in W = W,,, in such a way that

[Wia| = 0o, (1.2)



as 1. — 00, where [Wy| = v(W; ) denotes the size (or the Lebesgue measure) of the
window W,,.

Let si, i=1,...,X(Ws,w), denote the locations of the points in the realization
X(w) of the Poisson process X, observed in window W, . Here X(W,,w) is nothing
but the cardinality of the data set {s;}.

It is well-known (see, e.g. page 651 of [2]) that, conditionally given X(W,) = m,
(s1,...,5m) can be viewed as a random sample of size m from a distribution with
density f, which is given by

Alu)
flu) = ————— n )y .
while the simultaneous density f(sy,...,sm), of (s1,...,5m ) is given by
3“'_ A Si
f(s;,...,sm)=—L—(—)—m—I((sl,...,sm)GWﬂ‘). (1.4)
(fw, Av)av)
Let 53, i =1,...,m, denote the location of the point s; {i = 1,...,m), after

translation by a multiple of peried T such that §; € B(s), foralli=1,... ,m, where
B(s) = [s—%, s+3). The translation can be described more precisely as follows. We
cover the window W, by N, « adjacent disjoint intervals B (s+jT), for some integer
j, and let N, . denote the number of such intervals, provided B, (s +jt) "W, # 0.
Then, for each j, we shift the interval B.{s + j7) {together with the data points of
X{w) contained in this interval) by the amount jT such that after translation the
interval coincide with B.(s).

By periodicity of A, we have that A(5;) = A(s;), for each 1 = 1,... , X(W,, w).
For any A C B(s), let X, (A) denotes the number of points 5; in A. Then, of
course, X, (B<(s)) = X(W, ), where X, is a Poisson process with intensity function

An(u) = A(w) Z I(u+jt € Wy)

j=—oo

(cf. [5], Superposition Theorem and Restriction Theorem, page 16-17). As a result,
(cf. (1.3) and (1.4)), conditionally given Xy (Bx(s)) =m, (51,... ,5m) can be viewed
as a random sample of size m from a distribution with density f, which is given by

An (1)
fBT(s) An(v)dv

An(u)

]'_X(—\,Ta; I(ue B-r('s))r (15)
Wi

flu) = I(u € B.(s)) =

while the simultaneous density f(51,... ,5m), of (51,... ,5m ) is given by

51y 5m) = ARGy S eBs™).  (16)
(fw, Aw)av)
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For any real number x > 0, define

Hol(x) = P(si—s| <x [X(Wn)=m)
§

2 Main Results

Let k = k,, be a sequence of positive integers such that

kn — 00, (2.1)
and
Kn
=10, (2.2)
(Wi |
as n — oo.

Now we consider the order statistics of the random sample |57 —s|,... sy — sl
of size m from H,. Let {5 — s| denote the k-th order statistics of the sample
IS1 —sl,...,|Sm —s|, given X(W, )} = m. A nearest neighbor estimator for A at the
point s, is given by

N T
An(s) = 5. (2.3)
" 2IWe |l5 (k) — s

Remark: Note that A, (s) is well-defined provided k, < X(W,). Since
P(kn < X(Wy)) = P(kn/IWa| < X(Wn)/IWr!) — 1,

as [Wr| — oo, (because of (2.2) and the fact that X(W4)/[Wa| 2 9, with 6 > 0,
where 8 = 17! j'g A(s)ds, the ’global intensity’ of X), we can conclude no matter

how we define Ay (s) in case kn > X(W, ), Theorem 1 remains valid. To check that
the above conclusion also holds for Theorem 2,'we need to show that

Z P(ky > X(Wy)) < 00

n=1

But, by (2.2), the exponential bound for Poisson probabilities (see Lemma 1 in
section 5), and (2.5), it is easy to show that P(kn, > X(W,)) is summable.

Theorem 1 Suppose that A is periodic with period T and locally integrable. If, in
addition (2.1) and (2.2) hold, then

Rnls) & A(s), : (2.4)

as 1 — 00, for each s at which A is continuous and positive.
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Throughout the paper, for any random variables Y, and Y, we write Y, — Y to
denote that Y,, converges completely to Y, as n — oo.

Theorem 2 Suppose that A is periodic with period T and locally integrable. If, in
addition

Z exp(—ek, ) < o0, (2.5)

n=1

for each € > 0 and (2.2) holds, then
An(s) 5 Als), (2.6)
as 1 — 00, for each s at which A is continuous and positive.

We remark that nearest neighbor estimators for estimating density functions,
was studied by (6], [12], [7], [8], and some others. The condition (2.5) also appears
in [12]. In the construction of our nearest neighbor estimator (2.3) we employ the
periodicity of A (cf. (1.1)) to combine different pieces from our data set, in order to
mimic the ‘infill asymptotic’ framework.

Kernel type estimators for the intensity function A at a given point s, are pro-
posed and studied by (3] and [4]. {3] show that their estimator is L,-consistent,
provided A has a parametric form, while [4] consider a cyclic Poisson process and
prove that their estimator is weakly and strongly consistent, provided s is a Lebesgue
point of A.

3 Proof of Theorem 1

In view of Remark following 2.3, we may assume, without loss of generality, that
kn < X(W4y). To prove (2.4), we must show that,

Tkn
Pl|l—mmm —A(s
<|2|wnus(kn)—sl (¢)

5 e) —0 (3.7)

as n — oo, for each sufficiently small € > 0. Choose € < A(s). Then, a simple
calculation shows that, the probability on the Lh.s. of (3.7) is equal to

Tkn _ ’l'kn ~ )
g (len|(}\(5) —€) Btka) = sl or 2Wrl(A(s) +€) ~ Stn) =l

K
= e > S ———————— i ——y
<pP (Is(k“) sl2 2|WrI(A(s) — 6))

. Tkn
+P (lS(k“) m— SI < m) . (38)

Then, to prove (3.7), it suffices to check that

. Tkn ‘ '
P (IS(kn) —s| > ————-—ZIWHI(A(S) — €)> — 0 (39)
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and

- , Tkn
4 24 <|S(k“) — S S m) —0 | (310)

as n — oo, for each € > 0. Here we only give proof of (3.9), because the proof of

(3.10) is similar.
Recall X(W,, ) is a Poisson with

EX(W,) = Var(X(W,)) =J A(s)ds.
W,
Since A is cyclic (with period T); we have that
J Als)ds = 8|W, |+ O(1),
W

as n — oo. Let
C'l,n = lef\’an T (elwnl)-l/zau] (311)
Can = [BIWa| + (8IWa])'/2a,], (3.12)

where a, is an arbitrary sequence such that a, — oo and a, = o([W,|'/?), as
n — oo. Then, we can write the probability on the Lh.s. of (3.9) as

o0

— A Tkn : : S\ PR
2 P (\ls(kn) —s| 2 WIS =€) X(Wr) = m) P (X(W,)=m)
m=k, LI e ;
€ ox 1 )
< ) PXWa)=m)+ ) PXW.)=m)
m=ka m=C; n+1
+ max P (X(Wp)=m])-
Cl.nsmscl,n
i Tk

It suffices now to show that each term on the r.h.s. of (3.13) converges to zero, as
n — oo.

First we show that the first term on the r.h.s. of (3.13) is o(1), as n — oo. Since
[EX(W,) —6|W,|| = O(1), as n — oo, this quantity is equal to
P (X(Wa) < Cin = 1) < P (X(Wa) < 8Wal - (BWa))'/?ar )

P (IX(Wa) — EX(Wa)| > (8IWal)'/2an — [EX(Wa) - 6IWal)

=
= P ((BX(Wa))""/2X(Wa) = EX(Wa)| 2 O(1)a )
aq
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which is o(1), since a, — 00, as 1 — 0o. Here we have used Lemma 1 of the Section
5. A similar argument also shows that the second term on the r.h.s. of (3.13) is
o(1), as n — .

Next we prove that the third term on the r.h.s. of (3.13) is o(1), as n — oo. Let
m = m, be a positive integer, such that Cy n < mn < C3,n. Then my, ~ 6|Wh|,
which implies that k,/m, = 0o(1), as n — oo (by (2.2)). Recall that X(W,,) has
a Poisson distribution with parameter p(W,) = fw“ A(s)ds. A simple calculation,
using Stirling’s formula, shows that

max P(X(Wn) =m, = O('Wnl_‘/z)y

mn,Cr nSma<Cyon

as 1 — oo. It is well-known (see, e.g. [9]‘, p- 15) that, conditionally given
Xn (B<(s)) = X(Wy) = my, [S(k, ) — s| has exactly the same distribution as

H;! (Zx,:m. ), where Zy .. is the k,-th order statistics of a sample Z;,... ,Zm,
of size m,, from the uniform (0, 1) distribution. (We remark in passing that k, < mn,
for all n sufficiently large). Note that a similar device was employed by (8] in his
analysis of multivariate nearest neighbor density estimators. As a result, the third

term on the r.h.s. of (3.13) is equal to

Cs

: =W k \
W~ 1/2) 2 i} Y [T, . (3.13)
O(x\Anl ] | 5 (Hn (kamn ) st ZQ\IV,"(A(S) il 6)) { Q)

Mman =Ci.n

First note that, by choosing € < A(s), we have

Tkn _ k., N Tkn ’1 + €\
2Wnl(A(s) =€) 2a(s)|Wial (1 - Mesj> ~ 2A(s)IWhnl ( A(s)/
= T Tekn (3.16)

A()Wal  2AZ(s)Wal’
We know that, for each m,,
EZy, :m, = ka/(my +1)
and
Var(Zi,im, ) = Olkn/(my)).

We now need a stochastic expansion for H;}(Zy, :m, ). First we simplify the r.h.s.
of (1.7) to get for any x > 0

(IWal/t+0(1)) [*** _
Hn(x) = (9|Wn|+0(1))J A(u)I(u € Bo(s))du

= L O(IW, ™1 s_xm)\( )I(u € B<(s))du '

= (@;"' (W4 ! ))L_x u)l(u T

= lfs+xk(u)1(u€§T(s))du+0(anl_]), (3.17)
0T Js—«
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as n — oo, uniformly in x. This because J':f: A(u)I(u € B(s))du < 81. Define
function H(x), which is equal to the first term on the r.h.s. of (3.17) for x > 0, and
zero otherwise. The density h of H is given by

Als +x)I(s +x € B¢(s))
ot
+?\(s—x)I(s—x€BT(s)), (3.18)
6t
for any x > 0, while h(0) denote the right hand derivative of H at zero. Next note
that

h(x) =

Hr_\‘(zk":m") =’ inf{x: Hn(x) >Zk“:mn}
= inf{x: H(x) > Zx, .m, + O(Wal"")}
H™ (Zk,im, +O(IWal™")), (3.19)

as n — oo. Here and elsewhere in this paper we define H™' (t) = inf{x : H(x) > t},
0 <t < 1. Now we compute H™'(0). Since A(s) > 0 and A is continuous at s, we
see from the first term on the r.h.s. of (3.17) that H(x) > 0, while x > 0. In other
words, the first term on the r.h.s. of (3.17) is equal to zero, if and only if, x = 0.
Hence H™'(0) = 0. Since h is right continuous at 0, the first (right hand) derivative
of H™! at 0 can be computed as

1 i ot

= =— (3.20)

HY{0) = .
" h(H-1(0)) R{0) 2A(s)

Since H™1'(0) is finite, by Young’s form for Taylor's theorem (see {11}, p. 45), we
can write

k
H—] n n—l
(s +ouwar)

=) H‘](O)—{—( ks +0(|wn|-‘)> H=(0)(1 +0(1))
m, +1
Otk k
= mn U 3.21
A (i + 1) +°(|wn|>' | (3:21)
as n — oo. Because A is continuous at s, we have
y 1
Ho (e +OIWLI)) =
mn +1 h(H" (_"Tlc;n;T+o(|Wn|—l)))
e ! Oy LI (3.22)

n(lo(M) ~ 2A(s+1lo(]) _ ZA(s)
asn— 90

Let Zyx, :m, = Zk.:m, — EZk,:m, = Zk.:m, — Kn/(Mmn +1). Let us write
Hi' (Zkpma) = Hi'(Ziwmo )X Zxpimo | < €n)
+ H;‘(an:m“ )I(Izk“:m,\l > €n),
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where €, is a sequence of positive real numbers such that €,, | 0 as n — oco.. Because
H™ (kn/(mn +1) + O(IWa[™) = O(1),

as N — 00, by Young’s form for Taylor’s theorem, we can write
Hi ' (Zin i )12k, imo | < €n) s (cf. (3.19) )

G Zk s TE 25 s [ £ )
= H (Zkym, + O(Wal ")) L1 Zx, . | < €n)

_ o (K _
= { (G romwa )

+(an:mn- X )H“’(quwﬂr‘))

mn + 1 mn + 1
| Tl e N Lgns o duce) (3.23)
n- n m+" n:Mnl — )

as m — o0o. Substituting (3.21) and (3.22) into the r.h.s. of (3.23), we then have

iy ot eTkn / k \
T (Ziw i 12k, | < €0) {ZMS ro ()

Jima +1) [Wai
at \ - ~ - N
=t (ml) Zk“:mn +o (Zk“:m" ) } I(lzkn:m“‘ S €n ], (524)
as n — co. Since my > Cy ,, the first term on the r.h.s. of (3.24) does not exceed
07k, = Ok,
2A(s) ([B[Wnl — (BIWn1)'72a,] +1) = 2A(s) (8]Wal — (6IWn[)'/2ay)
01k, T, kn _
- = Lo 3.2
20N S)Wal (1 — (BIWaD-7%an) ~ IASIWal * ° (|wn|) (3.25)

as 1 — oo. Combining (3.24), (3.25), and (3.16), and by noting also that the first
term on the r.h.s. of (3.25) cancels with the first term on the r.h.s. of (3.16), we find
that, for sufficiently large n, the probability appearing in (3.15) does not exceed

ot 5 = * =
P (—|zk,:m.,, L2k ima] < €r) +[0 (Zknimn )| HZkpim o] < en)

Als)
Tekn )
P OA

> +P (|o(2k“:m, )

+H (Zx, o )12k, o | > €0) >

ek

n Tekn )
120A(s)|Wh|

< P Z mal > "
< (l Kn:mal 1272 (s)|Wa|

=~ Tekn
+P [ Hy ' (Zxp im o X1 2k om | > € >-——). 3.26
(M a2y | > ) > o (3.26)
First note that, for sufficiently large n, the second term on the r.h.s. of (3.26)
does not exceed its first term. Now we notice that H;‘ (Ze om. ) & H=1{1) = 2
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Then we find that the third probability on the r.h.s. of (3.26) does not exceed
P{lZx,:m.| > €n). For convenience we take €, = (eky)/(126A(s)|Wal). Then, the
r.h.s. of (3.26) does not exceed

B ekn
3p (lzk“:m“l > m) '

Therefore, for sufficiently large n, the quantity in (3.15) does not exceed

. k
oW 172 a4 _ .
(IWal™ %) (Con = Crin + VP (1| > T35 0T

€kn > , (3.27)

Kn
>
= 126A(s)[Whl

my + 1

< O()a.P ( an:m“ -

as n — oo. By Chebyshev’s inequality, we find that the probability on the r.h.s. of
(3.27) is of order O(k;'), as n — co. By (2.1) and choosing now a, = o(ky ), as
n — 00, we have that the r.h.s. of (3.27) is o(1) as 1 — oco. Hence (3.9) is proved.
This completes the proof of Theorem 1.

4 Proof of Theorem 2

To establish (2.6), we must show that

ol /' Tk f
—— T _As)>e)<
2P |swime = M| 2 e) s

n=]

~
N
et
~

for each € > 0. By (3.8), to prove (4.1) it suffices to show, for each € > 0,

= = Tk,

éP(ls(k")—slz __ZIWnl(A(s)—e)) < 0, (4.2)
and

as _ Thia

t; P <|S(kn) —s| < m) < 00. (43)

Here we only give the proof of (4.2), because the proof of (4.3) is similar. To prove
(4.2), it suffices to show that, each of the terms on the r.h.s. of (3.13) converges
completely to zero, as n — oo.

Let Cq,n and C; , be as given in (3.11) and (3.12). In order to deal with the first
and second term of (3.13), the sequence a, will now have to satisfy, in addition to
the assumption a, = o(|Wx|'/?) which was already needed in the proof of Theorem
1, the additional requirement

> exp(—ak/3) < oo,
n=1 :
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The argument given in (3.14) will then imply that these terms converge completely
to zero, as n — oo.

It remains to show that the third term on the r.h.s. of (3.13) also converges
completely to zero, as n — oco. To do this, it is clear from the proof of Theorem 1,
that it suffices now to check that the r.h.s. of (3.27) is summable, for each € > 0.

Let us now consider the probability appearing on the r.h.s. of (3.27). For
sufficiently large n, by Lemma 2 (see Section 5), there exists a positive constant
Co such that the probability on the r.h.s. of (3.27) does not exceed

2exp {—Cotf\} ,

where

Mn 1/2 kne€
= <kn/(mn+])“_kn/(mn+]))> 120A(s)[Wh |

which (for sufficiently large m) can be replaced with impunity by eké{ /(24A(s)).
Hence, for sufficiently large n, the r.h.s. of (3.27) does not exceed

C 2
O(1)an exp {”gﬁh}

, ? Coe? Coe?
= o S TS A e W R 7715
Ot exp { g n = 50t © }elp{ TS20 7 }

. ( Co e’ 1 rie ey
= (’)(l)exp i-mkn} . (4.4)

provided we require a, to satisfy loga, = o(kn,), as n — oco. Note that, e.g. the
choice a, = (kn)'/? satisfies each of the three conditions imposed on a,, namely
an = o([Wr!'/2), 3 %_, exp(—a? /3) < oo, and log a, = o(kn ), provided (2.2) and
(2.5). By assumption (2.5), we have that the r.h.s. of (4.4) is summable. Hence
(4.2) is proved. This completes the proof of Theorem 2.

5 Technical Lemmas

In this section we presents two well-known results which we used in the proof of
Theorem 1 dan Theorem 2.

Lemma 1 Let X be a Poisson random variable with EX > 0. Then for any € > 0

X — EX| e?

we have

Proof: We refer to Reiss ([10], p. 222).

An exponential bound for ’intermediate’ uniform order statistics is given in the
following lemma.

~
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Lemma 2 Let ky, and mn, n = 1,2,... be sequences of positive integers, and
Zx,.m, denote the k-th order statistic of a random sample of size m, from the
uniform distribution on (0,1). If kn/myn L 0 as m, — co, then for each o, > 0

such that ' = o(mnkn'’ Y and an = O(k:‘/ 2)_, there ezists a positive absolute
constant Co and a (large) positive integer ng such that
kn

- 172
P(Zk“:mn_mn+]l(k“/(mn+1)(1—kn/(mn+]))> Z%)
 Zop{=tyll}. (5.2)

for alln > ny.
Proof. A slight modification of the proof of Lemma A2.1. of [1] gives our bound.

=
Acknowledgement: The author is grateful to R. Helmers for suggesting the prob-
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